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Another characteristic evident in Fig. 3 is that the low super-
sonic contours (M= 1.2) are generally more convergent than
are the high subsonic ones (M=0.8). This figure
demonstrates the ability of the series solution to provide in-
itial value data for space-marching method of characteristics
or finite difference analyses of radial supersonic nozzles.
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On the Vortex Stretching Modification
of the A>e Turbulence Model:

Radial Jets
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Introduction

ALTHOUGH the k-e turbulence model has had success
predicting free shear flows, it and other two-equation

models appear to require a different set of constants to match
both plane and round jet growth rates.1"4 For example,
Launder et al.1 modified the eddy- viscosity coefficient CM and
the destruction of dissipation constant Ce2 to achieve round jet
agreement. In the far field this modification reduced to a
rather large CM correction. Raiszadeh and Dwyer5 showed that
k-e model results are quite sensitive to the dissipation equation
model constants Ce7 and Ce2; therefore, it is not surprising
that these have been the target of several turbulence
modelers.4'6

Pope4 has given a phenomenological argument for incor-
porating a vortex stretching invariant term in the dissipation
transport equation to modify the source terms. Unlike other
models,1'6 the form of the resulting equation has general ap-
plication to three-dimensional problems. Pope settled on a
third constant, Ce5, such that his results matched round jet
growth rate data. Plane jet agreement is guaranteed since there
is no vortex stretching.

Performance of this model on the calculation of radially
spreading jets has not been examined, although this case pro-
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vides an excellent test7 of the model. The radial jet is axisym-
metric, like the round jet, but its velocity decays in the manner
of a plane jet. In this Note the invariant vortex stretching
modification to the k-e model is applied to the self-preserving
radial jet and shown to be inadequate.

Analysis
The present study of free jets in stagnant surroundings, us-

ing a k-e model, is based on a far-field similarity formula-
tion.8'9 Similarity variables may be defined by
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where u,v and x,y are the streamwise, transverse velocities and
coordinates, respectively. At>> = 0, the velocity u0(x) follows
an x~ u+/)/2 behavior. For plane jets, j = m - 0; for radial jets,
j = 1, m = 0, and for round jets, j = m = 1. Primes indicate dif-
ferentiation with respect to the similarity variable, 77. Use of
the stream function rj^Fin Eqs. (1) and (2) ensures the conser-
vation of mass; the remaining thin shear layer equations
become

Momentum:

H

Energy:
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Dissipation:
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where the underlined term of Eq. (5) represents the vortex
stretching modification of Pope. Model constants are given by

C^ = 0.09, ak = l, ae = 1.3,

Cel = 1.44, Ce2 = 1.90, Ce5 = C^3/4C^ = 2.194 (6)

Boundary conditions for the system are

ri = 0: F=0, U=l, G'=0, H'=0 (la)

vi = rie: G = 0, H=0 (7b)

Table 1 Comparison of calculated and observed jet growth rates

Jet k-e model Calculated Data3'10'11

Plane
Round

Radial

_
Original
Modified
Original
Modified

0.1080
0.1199
0.0858
0.0951
0.0400

0.10-0.11

0.086
0.096-0.11
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where subscript e indicates the edge of the shear layer. It is im-
mediately apparent from Eqs. (3-5) that the solution is in-
dependent of CM so that the Launder et al. correction of CM is
directly translated to a growth rate modification via

The form of the vortex stretching term of Eq. (5) is derived
from Pope's equations for axisymmetric flow.4 That is,

4 (8a)
where x is the invariant, r the radial direction, z the direction
of the axis of symmetry and qr and qz are the respective
velocities. Pope requires Ce3 =0.79 to reproduce the round jet
growth rate. Substituting, from Eq. (1), and using the thin
shear layer approximation,

(8b)

radial jet

so, from Eq. (2), a common formula is

(8c)

(8d)

It is evident from Eqs. (8b) and (8c) that the vortex stretching
source of dissipation implied for the round jet has a radial jet
counterpart. Moreover, the strain rate v/y becomes negative
in the outer region of the round jet whereas the strain rate u/x
is positive across the entire radial jet. For this reason, it may
be expected that the hypothesized increase in dissipation by
vortex stretching will be greater in the radial jet than in the
round jet.

Results and Conclusions
Using the technique of Paullay et al.,8 the far-field similar-

ity equations were solved for a variety of free jet cases (see
Table 1). The results support the contention that the Pope
modification to the k-e model affects the radial jet more than
the round jet. The growth rate is reduced by 58% for the
former and 28% for the latter. Unfortunately, round jet
observations3 agree with the modified model calculation while
radial jet experiments10'11 support the original model calcula-
tion. The plane jet calculations are known to match ex-
periments2'8 and are shown for comparison. It would appear
that the round jet/plane jet anomaly has been exchanged for a
round jet/radial jet anomaly.

These results indicate that radial far-field behavior can im-
pose an additional constraint on turbulence models. The
similarity form of the thin shear layer equations can aid in
determining the consequences of model modification. Such a
vortex stretching modification to the k-e model fails when ap-
plied to the radial jet.
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Introduction

MUCH effort has been expended in recent times in devel-
oping a reliable and efficient method for solving the

Navier-Stokes equations in two and three dimensions. Mac-
Cormack1 introduced recently an implicit method based on his
earlier explicit predictor-corrector scheme2 that promised a
significant increase in computational efficiency while retaining
the simplicity of the explicit algorithm. The method was subse-
quently further developed and studied by several other in-
vestigators. Von Lavante and Thompkins3 extended the
method to curvilinear coordinate systems; Casier et al.4
studied a class of schemes based on the bidiagonal solution
technique and discussed several boundary condition pro-
cedures. Kordulla and MacCormack5 applied a modified ver-
sion of the aforementioned algorithm to transonic inviscid and
viscous flow calculations about several airfoils. Although
mostly encouraging results were reported, stability problems
were encountered in cases with relatively strong shocks.
Besides, it was felt that the computational efficiency of this
method should still be improved. The present work, motivated
by these results, studied the effects of simplifying the original
implicit block-bidiagonal algorithm by introducing its spectral
normal form. The resulting scheme is twice as fast as the
original method and much more robust. On the other hand, it
tends to overestimate the viscous effects. It was therefore
decided to combine the two methods in a procedure in which
approximate results were first obtained by the spectral normal
form of the implicit MacCormack scheme (SNIMC) and,
then, the full implicit MacCormack scheme (FIMC) was ap-
plied as post-processor. The resulting procedure was tested on
several test cases with favorable results.
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